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1 Partial Information on the Similarity

In this section we show that our algorithmic analysis is robust to very weak assump-

tions concerning knowledge of the similarity function. In particular, we study the case

in which only a partial preorder, i.e., a reflexive, transitive but possibly incomplete

binary relation, over pairs of environments is known, and denoted by S. For example,

the Symmetric Difference between sets satisfies this assumption.

We show here that, even if the information regarding similarity comparisons is

partial, it is still possible to construct two sets that contain only conscious and auto-

matic observations respectively, and that one consistency requirement characterizes

all DD processes. In order to do this, we assume that, if the individual follows a

DD process, the similarity σ cardinally represents a completion of such a partial or-

der. Thus, for any e, e′, g, g′ ∈ E, (e, e′)S(g, g′) implies that σ(e, e′) ≥ σ(g, g′) and

we say that (e, e′) dominates (g, g′). We first adapt the key concepts on which the

algorithmic analysis is based in order to run the more general analysis.

The two concepts of familiarity need to be changed. In particular, given that it is

not always possible to define the most familiar past environment, the new familiarity

definitions will be sets containing undominated pairs of environments. Let F (t) and

F (t|at) be defined as follows:

F (t) = {(et, es)|s < t, as ∈ At and there is no w < t such that (et, ew)S(et, es) and aw ∈ At},
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F (t|at) = {(et, es)|s < t, as = at and there is no w < t such that (et, ew)S(et, es) and aw = at}.

That is, F (t) and F (t|at) generalize the idea behind f(t) and f(t|at), respec-

tively. In fact, F (t) contains all those undominated pairs of environments where et is

compared with past observations which choice could be replicated. Similarly, F (t|at)
contains all those undominated pairs of environments in which et is compared with

past observations, the choice of which could have been replicated. We can easily rede-

fine the concept of link. We say that observation t is linked to the set of observations

O whenever either F (t|at) = ∅ or for all (et, e) ∈ F (t|at) there exists s ∈ O such that

(es, e
′)S(et, e), for some (es, e

′) ∈ F (s). Two things are worth underlining. First, no-

tice that F (t|at) = ∅ only if t is new; thus, as in the main analysis, new observations

are linked with any other observation. Next, notice that, this time, we define the link

between an observation t and a set of observations O. This helps us to tell whether

an observation is generated by the maximizing self once we know that another obser-

vation is. If all observations in O are generated consciously, and for each one of them

there exists a pair of environments that dominates a pair in F (t|at), then t must also

have been generated by the maximizing self. This is because, for all observation s in

O, the similarity of all pairs of environments contained in F (s) must be below the

similarity threshold.

Then, we say that observation t is Consciously-indirectly linked to the set of ob-

servations O if there exists a sequence of observations t1, . . . , tk such that t = t1, tk is

linked to O and ti is linked to {ti+1, ti+2, ..., tk}∪O for every i = 1, 2, . . . , k−1. Define

DN̂ as the set containing all new observations and all those observations indirectly

linked to the set of new observations. Proposition 5 shows that DN̂ contains only

observations generated by the maximizing self.

What about automatic choices? As in the main analysis, whenever a cycle is

present in the data, we know that at least one of the observations in the cycle must

be generated by the automatic self. This time, given that we assume only partial

knowledge of the similarity comparisons, it is not always possible to define a most

familiar observation in a cycle.1 Notice, however, that, whenever an observation is

1Obviously, in this context, a most familiar observation in a cycle would be an observation t
belonging to a cycle such that for any other observation s in the cycle, F (t) dominates F (s). That
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inconsistent with the revealed preference constructed from DN̂ , such an observation

must be automatically generated.2 Thus, say that observation t is cloned if it is either

a most familiar in a cycle or xR(t)y while yR(DN̂)x.

Say that observation t is Automatically-indirectly linked to observation s if there

exists a sequence of observations t1, . . . , tk such that t = t1, tk = s and ti is linked to

ti+1 for every i = 1, 2, . . . , k−1. Whenever we know that observation t is automatically

generated, we can infer that observation s is generated by the automatic self too,

only if, for all pairs of environments in F (t|At), there exists a pair of environments

in F (s) that dominates it. In fact, in general, only some pairs of environments

contained in F (t|at) have similarity above the threshold. As before, let DĈ be the set

containing all cloned observations and the observations to which they are indirectly

linked. Proposition 5 below shows that DĈ contains only observations generated by

the automatic self.

Proposition 5 For every sequence of observations {(At, et, at)}Tt=1 generated by a

DD process where only a partial preorder over pairs of environments is known:

1. all decisions in DN̂ are generated by the maximizing self and all decisions in

DĈ are generated by the automatic self,

2. if x is revealed preferred to y for the set of observations DN̂ , then x � y.

Proof. First, we show that any observation t linked to a set O of conscious ob-

servations must also be generated by the maximizing self. In fact, notice that, for

any s ∈ O, we know that σ(es, e
′) ≤ α for all (es, e

′) ∈ F (s). Then, given that

t is linked to O, we know that, for any (et, e) ∈ F (t|at), there exists s ∈ O such

that (es, e
′)S(et, e) for some (es, e

′) ∈ F (s). Now, given the definition of F (t|at), this

implies that σ(et, ew) ≤ α for all w < t such that aw = at and the result follows.

Then, by Proposition 1 in the paper, we know that new observations are consciously

generated and, by applying the previous reasoning iteratively, it is shown that DN̂

must contain only observations generated by the maximizing self.

is, for any (es, e) ∈ F (s) there exists (et, e
′) ∈ F (t) such that (et, e

′)S(es, e).
2Notice that this implies that even with no knowledge of any similarity comparisons, the knowl-

edge that new observations give us regarding the preferences of the individual highlights some ob-
servations as automatic given they are in contradiction with those preferences.
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As a second step, we show that any observation s to which an observation t

generated by the automatic self is linked, must be also automatically generated. Given

that t is generated by the automatic self, it means that there exists a w < t such that

σ(et, ew) > α and aw = at. Then, either (et, ew) ∈ F (t|at) or (et, ew) /∈ F (t|at).

• Let (et, ew) ∈ F (t|at). Then, given that t is linked to s, there exists a pair

(es, e
′) ∈ F (s) such that (es, e

′)S(et, ew). This implies that σ(es, e
′) ≥ σ(et, ew) >

α, and the result follows.

• Let (et, ew) /∈ F (t|at). Then, there exists a w′ < t such that (et, ew′)S(et, ew)

and (et, ew′) ∈ F (t|at). This implies that σ(et, ew′) > σ(et, ew) > α. Then,

given that t is linked to s, we know that, for all (et, e) ∈ F (t|at), there exists

a (es, e
′) ∈ F (s) such that (es, e

′)S(et, e). In particular, there exists a (es, e
′) ∈

F (s) such that (es, e
′)S(et, ew′). This implies that σ(es, e

′) ≥ σ(et, ew′) > α,

and the result follows.

Then, given that cloned observations are automatically generated, we can apply the

previous reasoning iteratively to show that DĈ must contain only observations gen-

erated by the automatic self.

Finally, by reasoning similar to that developed in the proof of Proposition 1 in the

main text, given that all observations in DN̂ must be consciously generated, R(DN̂)

reveals the preference of the DM.

Thus, we see that knowing only a partial preorder does not heavily affect the struc-

ture of the algorithm and the main logical steps behind it. What is of interest is that,

even with this assumption, it is possible to characterize a DD process with only a

single condition, that is, DN̂ -Consistency.

Axiom 3 (DN̂ -Consistency) A sequence of observations {(At, et, at)}Tt=1 satisfies

DN̂ -Consistency whenever xR(DN̂)y implies not yR(DN̂)x.

DN̂ -Consistency imposes asymmetry on the revealed preference obtained from DN̂ . If

a sequence of decision problems satisfies DN̂ -Consistency when only a partial preorder

is known, then we are able to characterize the preferences of the individual, the
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similarity threshold and, more importantly, a similarity function that respects that

preorder. This is what is stated in the following theorem. Notice that S is assumed

to be known.

Theorem 3 A sequence of observations {(At, et, at)}Tt=1 satisfies DN̂ -Consistency if

and only if there exist a preference relation �, a similarity function σ representing S

and a similarity threshold α that characterize a DD process.

Proof. Necessity: Suppose that the sequence {(At, et, at)}Tt=1 is generated by a DD

process. Then it satisfies DN̂ -Consistency given that, according to Proposition 5, DN̂

contains only conscious observations and � is a linear order.

Sufficiency: Suppose that the sequence {(At, et, at)}Tt=1 satisfies DN̂ -Consistency.

We need to show that it can be explained as if generated by a DD process. Notice

that DN̂ -Consistency implies that the revealed preference relation defined over DN̂ ,

i.e., R(DN̂), is asymmetric. Thus, using standard mathematical results, we can find

a transitive completion of R(DN̂), call it �. By construction, all decisions in DN̂ can

be seen as the result of maximizing � over the corresponding menu.

We now define σ. We first complete S. Notice that, by construction of DN̂ , for all

t /∈ DN̂ , there exists a pair (et, e) ∈ F (t|at) such that there is no s ∈ DN̂ for which

(es, e
′)S(et, e) for some (es, e

′) ∈ F (s). That is, for all observations not in DN̂ , there

exists a pair of environments which is not dominated by any pair of environments of

observations in DN̂ . We call this pair undominated. Then, let S ′ be the following

reflexive binary relation. For any undominated pair (et, e) ∈ F (t|at) with t /∈ DN̂ ,

let, for all s ∈ DN̂ and for all (es, e
′) ∈ F (s), (et, e)S

′(es, e
′) and not (es, e

′)S ′(et, e).

Let S ′′ be the transitive closure of S ∪ S ′. Notice that S ′′ is an extension of S that

preserves its reflexivity and transitivity. Thus, we can find a completion S∗ of S ′′ and

a similarity function σ : E × E → [0, 1] that represents S∗.

Finally, we can define α. For any observation t, let f ∗(t) be as follows:

f ∗(t) = max
s<t,as∈At

σ(et, es),

Then let α = maxt∈DN̂ f ∗(t). Notice that, by construction of σ, for all t /∈ DN̂ there

exists a pair of environments (et, e) ∈ F (t|at) such that for all s ∈ DN̂ , σ(et, e) >
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f ∗(s), hence σ(et, e) > α. So, for every observation not in DN̂ we can find a preceding

observation for it to replicate.

Thus, we can represent the choices as if generated by an individual with preference

relation �, similarity function σ and similarity threshold α.

Intuitively, the observations inDN̂ are used to construct the individual’s preference

relation. The similarity function represents a possible extension of the partial preorder

that respects the absence of links between observations in DN̂ and those outside that

set. This is possible thanks to the construction of DN̂ and it allows for the definition

of the similarity threshold in a similar fashion as in the main text.

2 Complete Characterization

The analysis in the main text provides a partial characterization of DD processes

valid for any sequence of choices. In this appendix we provide two scenarios under

which the data would be rich enough to fully characterize a DD process. In the first

scenario, section 2.1, we look at an homogenous population of agents as it is standard

in the literature when dealing with path dependent processes. In the second one,

section 2.2, we look at one DM with bounded implicit memory, i.e., the effortless

memory that the automatic system uses to retrieve past experiences. This section

offers a new possible approach for the analysis of path dependent processes when

memory is bounded. For ease of exposition, in both cases, we will assume that menus

and environments are separated, that is, At ∩ et = ∅ for all t. Section 2.3 provides

a more general richness condition that is valid when At ⊆ et and it discusses which

results of the previous sections carry on.

2.1 Homogeneous Population

In the main text, we did not assume any particular structure for the sequence of

observations we used as data and hence, the characterization of preferences did not

have to be unique, even with known similarity. One way to uniquely characterize the

preferences of the DM that allow us also to determine how similarity comparisons

are made, is to get different sequences of observations generated by an homogeneous
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population. That is, suppose we observe many and different sequences of decision

problems and choices generated by a population of individuals sharing the same pref-

erences, similarity threshold and similarity function.3 Let D be the set containing

such sequences and D ∈ D be the collection of observations composing one of them.

Then, if D is rich enough we can perfectly identify not only the preference relation but

also, for every decision environment, which other environments are considered similar

enough and which are not. Notice that this completely identifies the model. In fact,

the similarity threshold and the similarity function define a binary similarity function,

i.e. a Boolean similarity function. That is, given any environment, the combination

of similarity function and similarity threshold partitions the set of environments in

two sets of similar and dissimilar environments. Thus, knowing for every decision

environment which other environments are considered similar enough and which are

not, completely identifies such function.

We say that D is rich if:

• for any x, y ∈ X there exists a D ∈ D such that there is some t ∈ D where

x, y 6= as for s < t and At = {x, y}.

• for any x, y, z ∈ X there exists a D ∈ D such that there is some t ∈ D where

x, y, z 6= as for s < t and At = {x, y, z}.

• for any e, e′ ∈ E and any x, y ∈ X, there exists a D ∈ D such that there is some

t ∈ D where x, y 6= as for s < t− 1 and At−1 = {y}, et−1 = e′, At = {x, y} and

et = e.

The first two requirements impose that for every pair and triple of alternatives, there

is some collection D in which until some moment in time t, they have never been

chosen.4 That is, for any pair and triples of alternatives there is a sequence of decision

problems in which for some moment in time t they were part of a new observation.

The third requirement imposes that for any pair of environments and any pair of

alternatives there is a sequence of observations such that the environments are part

3It is possible to argue that individuals that share the same socioeconomic characteristics and
have similar cognitive capabilities are likely to be described by the same DD process.

4Notice that the first two conditions play the same role of the Universal Domain assumption in
standard choice theory.
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of two consecutive decision problems in which the two alternatives have never been

chosen before. Thus, the choice in t can be either new or the same as in t − 1.

These conditions allow us to perfectly identify the preferences of the homogeneous

population and how analogies are made whenever the observed choices satisfy some

consistency requirements.

Before stating such requirements, it is useful to define a set for any environment

e ∈ E that contains all those environments that would be considered similar enough

to e by a DM following a DD process. Suppose, without loss of generality, that for

some D ∈ D there exists t ∈ D such that At = {x, y} and at = x with x, y 6= as

for s < t. If the observations are generated by a DM following a DD process, then t

would be a new observation and x would be revealed preferred to y. Then let S(e)

be defined as follows:

S(e) = {e′ ∈ E| ∃D ∈ D such that, for some t ∈ D, t− 1 = ({y}, e′, y) is new and t = ({x, y}, e, y)}.

For the same reasoning developed before, if the observations are generated by individ-

uals following a DD process, S(e) would contain only environments considered similar

enough to e because the observed inversion of preferences in t is possible only when

past behavior is replicated. In fact, if y is chosen over x in t, it must be because of

replication of behavior in t−1. This is a concept similar to the one of revealed prefer-

ences. Environment e′ is revealed similar to e whenever such inversion of preferences

occurs. Notice that by richness, S(e) would contain all those environments that are

considered similar enough to e.

Finally, for any collection D ∈ D define for all observations t ∈ D the following

set:

I(t) = {x ∈ X| x = as, for some s < t such that as ∈ At and es ∈ S(et)}.

If the observations are generated by DD processes, I(t) would contain all those past

choices that could be replicated in t. Now we have all the ingredients to state the

consistency requirements that characterize the whole class of DD processes for a rich

dataset D. The following axioms are intended for D,D′ ∈ D.
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The first axiom requires that conscious choices are consistent. That is, there do

not exist two observations in which x is consciously chosen over y in one of them and

y over x in the other. This is a weakening of the Weak Axiom of Revealed Preference.

Axiom 4 (Conscious Consistency (CC)) For any t ∈ D and t′ ∈ D′ such that

I(t) = I(t′) = ∅, if x, y ∈ At ∩ At′ and x = at then y 6= at′.

The second axiom requires that automatic choices come from replication of past

behavior.

Axiom 5 (Automatic Consistency (AC)) For any t ∈ D such that I(t) 6= ∅,
at ∈ I(t).

Then we can state the following theorem.

Theorem 4 A rich dataset D satisfies CC and AC if and only if there exist a prefer-

ence relation �, a similarity function σ and a similarity threshold α that characterize

a DD process. Moreover, the preference relation � and the binary similarity function

defined by σ and α are uniquely identified.

Proof of Theorem 4. Necessity: As said in the text, if all DM in the population

follow a DD process with common preferences, similarity function and similarity

threshold, then I(t) would contain only those choices that can be replicated at t

because they come from some preceding period which environment is similar enough.

Then, by definition of a DD process CC and AC must be satisfied.

Sufficiency: Suppose that D is rich and satisfies CC and AC. We prove that D
can be represented as if generated by a DD process by steps. First we characterize

the preference relation, then we characterize the similarity function and similarity

threshold and finally we show that the preference relation and the binary similarity

function defined by the combination of similarity function and similarity threshold

are unique.

As a first step, let P be a revealed preference relation defined as follows. For any

D ∈ D, let xPy if and only if, for some t ∈ D such that I(t) = ∅ and At = {x, y},
x = at. It is easy to see that CC implies that P is irreflexive and asymmetric.

Furthermore, richness of D implies that the relation is also complete. To see that P
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is transitive, suppose that xPy, yPz but zPx for some x, y, z ∈ X. By D being rich,

for some D ∈ D there exists an observation t ∈ D such that x, y, z 6= as for s < t and

At = {x, y, z}. Clearly, given that x, y and z have never been chosen before, I(t) = ∅.
W.l.o.g. suppose that at = x. By zPx we know that z = at′ for some t′ ∈ D′ ∈ D
such that At′ = {x, z} and I(t′) = ∅. But then, by CC we cannot have at = x and so

we reached a contradiction. Hence P must be transitive. Let P =�.

As a second step we need to characterize the similarity threshold α and the sim-

ilarity function σ. Let α = 0 and the similarity function be as follows. For any

e ∈ E:

• σ(e, e′) = 1 whenever e′ ∈ S(e).

• σ(e, e′) = 0 whenever e′ /∈ S(e).

The third requirement of a rich dataset assures that if e′ /∈ S(e) then no inversion of

preferences is observed due to replication of behavior associated with e′ when e is the

reference environment.

We now show that constructing the preference relation and the similarity function

in this way allows to explain all choices. In fact, the definition of the similarity

function and threshold implies that any observation t such that I(t) = ∅ must be

explained as the outcome of maximization of preferences and any other observation

t′ such that I(t′) 6= ∅ must be the outcome of replication of past similar behavior.

To analyze the first point, take any observation t such that I(t) = ∅. Suppose that x

maximizes � in the menu At, but y = at for some t ∈ D ∈ D and y 6= x. By definition

of P , x being the maximal element in At implies that for any y ∈ At\{x}, there exists

t′ ∈ D′ ∈ D such that At′ = {x, y} and at′ = x. Thus, by CC, we cannot have at = y

and so we reached a contradiction. Thus, we can identify the preference relation with

P . Regarding the second point, take any observation t′ such that I(t′) 6= ∅. Then,

there is some s < t′ such that as ∈ At′ and σ(et′ , es) = 1 > α and then AC assures

that the choice in t′ is the same than the choice in one of such past problems as a DD

process would require.

Finally, we need to show that the preference relation and the binary similarity

function are uniquely identified. This is equivalent to show that P and S(e) are
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uniquely determined. First, suppose that we can determine two different relations

P and P ′. This implies that there exist some x, y ∈ X such that xPy and yP ′x.

Given that by richness P andP ′ must be complete, the previous binary relations im-

ply that there are two observations t and t′ such that I(t) = ∅ and At = {x, y},
x = at and I(t′) = ∅ and At′ = {x, y}, y = at′ which contradicts CC, so P is unique.

Second, suppose that for some e ∈ E, S(e) is not uniquely determined. That is,

suppose we can determine two different sets S(e) and S ′(e). This implies that there

is an e′ ∈ E such that e′ ∈ S(e) and e′ /∈ S ′(e). By definition of S(e) this is not

possible. In fact, e′ ∈ S(e), given richness, can only imply that there are two alterna-

tives x, y ∈ X such that xPy and that there is some observation t where x, y 6= as for

s < t−1 and t−1 = {{y}, e′, y} and t = {{x, y}, e, y}, then e′ must be in S ′(e) too.

Intuitively, the first two requirements of a rich dataset plus CC assure that the re-

vealed preference relation constructed from the observations that would have to be

explained as conscious choices is complete and transitive. Then, AC assures that those

choices that should be explained as automatic, replicate past behavior. Uniqueness

comes from the fact that every pairwise comparison between alternatives and between

environments is observable thanks to richness.

2.2 A Forgetful Decision Maker

In this section we take a slightly different approach to with respect to the one we

used to fully characterize a DD process in section 2.1. In the paper, we have assumed

that the DM has perfect implicit memory, i.e. automatic decisions can come from

the replication of any past choice. Notice that this assumption is a simplification

of the fact that, as highlighted by the evidence in Graf (1990), Bargh (2005), Dew

and Cabeza (2011) and also in ?, behavior can be primed by experiences stored in

implicit memory that can be forgotten by explicit, or conscious, memory. For example,

there is evidence that patients with amnesia automatically respond to environmental

cues by adapting pre-amnesia behavior. Moreover, it seems that these effects do not

deteriorate with age, hence pointing to the fact that implicit memory is not affected

by age as explicit memory is. Nevertheless, in this section, we depart from such

11



assumption and analyze the possibility of a DM that implicitly forgets older decisions

problems.

Suppose the DM can remember up until m ≥ 1 periods of past choices.5 In a

DD-m process, the chosen action in period t is:

at =

as for some t−m ≤ s < t such that σ(et, es) > α and as ∈ At,

the maximal element in At with respect to � , otherwise.

Notice that we have just changed the periods that are considered by the automatic

self for the replication of behavior, the structure of the process is otherwise unchanged.

Thus, if we take this new assumption into account, we should be able to directly apply

the logic behind the algorithm to this new framework. This is indeed the case.

We say that an observation is new with imperfect memory whenever at 6= as for

all t − m ≤ s < t. That is, the choice in t was never chosen in the previous m

periods. Such observations must be generated by the maximizing self for the same

logic explained in section 3 of the paper. In a similar fashion, let unconditional and

conditional familiarity with imperfect memory be as follows:

f(t) = max
t−m≤s<t,as∈At

σ(et, es).

f(t|at) = max
t−m≤s<t,as=at

σ(et, es).

Again, the only change is that now, for any observation t, only the precedingm periods

are important for the replication of behavior, and so they are the only ones considered

when defining the two concepts of familiarity. Then, we say that an observation

is the most familiar in a cycle with imperfect memory whenever it maximizes the

unconditional familiarity with imperfect memory among those observations in the

cycle. For the same logic we use in the paper, any most familiar observation in a

cycle must be generated by the automatic self.

Finally, we say that observation t is linked to observation s whenever f(t|at) ≤
f(s), and indirectly linked observations are defined in an analogous way. Thus, con-

5Here we take the implicit memory bound as given. We leave the possibility of identifying the
implicit memory bound from choice behavior for future research.
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sidering imperfect memory only changes the key definitions on which the algorithm

is based, not the logic behind it. Again, any observation linked to an observation

generated by the maximizing self must be generated by the maximizing self too.

Symmetrically, any observation to which an observation generated by the automatic

self is linked, must be generated by the automatic self too. Denote with DN the

set containing all observations that are indirectly linked to new observations with

imperfect memory and with DC the set containing all observations to which a most

familiar in a cycle with imperfect memory is linked. Then we can state the parallel

version of Proposition 1. The proof is omitted.

Proposition 6 For every sequence of observations {(At, et, at)}Tt=1 generated by a

DD-m process:

1. all observations in DN are generated by the maximizing self while all observa-

tions in DCare generated by the automatic one,

2. if x is revealed preferred to y for the set of observations DN , then x � y,

3. max
t∈DN

f(t) ≤ α < min
t∈DC

f(t|at).

Similarly, let Link-Consistency∗ be the parallel version of Link-Consistency defined

over DN . We can state the analogous version of Theorem 1. Again, the proof is

omitted.

Theorem 5 A sequence of observations {(At, et, at)}Tt=1 satisfies Link-Consistency∗

if and only if there exist a preference relation � and a similarity threshold α that

characterize a DD-m process.

The analysis of a forgetful individual can provide additional insights if we impose

some richness conditions on the sequence of decision problems the DM faces. This

analysis is very similar to the one in the previous section. The key difference here is

that with imperfect implicit memory we are able to obtain rich enough data without

the need of an homogeneous population. A sequence of observations {(At, et, at)}Tt=1

is m-rich for an individual following a DD −m process whenever:
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• for any x, y ∈ X there exists a t such that x, y 6= as for t − m ≤ s < t and

At = {x, y}.

• for any x, y, z ∈ X there exists a t such that x, y, z 6= as for t−m ≤ s < t and

At = {x, y, z}.

• for any e, e′ ∈ E and any x, y ∈ X, there exists a t such that x, y 6= as for

t−m− 1 ≤ s < t− 1 and At−1 = {y}, et−1 = e′, At = {x, y} and et = e.

These conditions are similar to the ones presented in the previous section. One

important thing to notice, again, is that imperfect memory allows for richness to be

imposed on one sequence of observations not on a collection of sequences. Then, we

can state the following:

Proposition 7 For every m−rich sequence of observations {(At, et, at)}Tt=1 generated

by a DD −m process:

1. DN contains all the decisions generated by the maximizing self and DC contains

all the decisions generated by the automatic self, that is DN ∪DC = D,

2. x is revealed preferred to y for the set of observations DN if and only if x � y.

Proof. Given Proposition 6, we just need to show the following:

1. If t is generated by the maximizing self then it is contained in DN .

2. If t is generated by the automatic self then it is contained in DC .

3. If x � y then xR(DN)y.

We start with point 3. Notice that, by m-richness, for any pair of alternatives x, y ∈ X
there exists a t such that x, y 6= as for t−m ≤ s < t and At = {x, y}. Thus, for any

pair of alternative there is a new observation that reveals the preferences of the DM

and the result follows.

Now we analyze point 1. First notice that for any DD-m process there exists

a pair of environments (e∗, e∗∗) for which there is no (e, e′) ∈ E × E such that

σ(e∗, e∗∗) < σ(e, e′) ≤ α. That is, e∗ and e∗∗ maximize the value of the similar-

ity function among those pairs of environments that that are considered dissimilar
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enough by the DM. Take x, y ∈ X. By the proof of point 3, we know that for any

pair of alternatives we can determine the preference of the DM, thus we can assume

w.l.o.g. that x � y. Then, by m-richness there exists a t such that x, y 6= as for

t − 1 −m ≤ s < t − 1 and At−1 = {y}, et−1 = e∗∗, At = {x, y} and et = e∗. Given

σ(e∗, e∗∗) ≤ α, it must be at = x making t a new observation and so t ∈ DN . Hence,

given that only behavior in t−1 could be replicated in t, we must have f(t) = σ(e∗, e∗∗)

and so, by definition, for any observation s generated by the maximizing self we must

have f(s|as) ≤ f(t) = σ(e∗, e∗∗). Thus, all observations generated by the maximizing

self are linked to t, and hence any observation generated by the maximizing self must

be in DN . By a dual argument point 2 can be shown to be valid. This concludes the

proof.

Thus, Proposition 7 highlights the fact that preferences and similarity comparisons

of a forgetful decision maker can be recovered entirely without the need of observing

social data whenever the sequence of observations is rich enough.

Furthermore, for the same reasoning developed before, an m−rich sequence of

observations allows for the characterization of a DD−m process and the identification

of the preferences and analogies of the DM. Given the analysis would be almost

identical, in fact only the definitions of S(e) and I(t) would slightly change, we omit

it to avoid repetitions.

2.3 Menus as Part of the Environment

As explained in the beginning of the section, we assumed that menus and environ-

ments are independent to ease the exposition. Nevertheless, this limits the applica-

bility of the richness conditions that have been presented.

To generalize the analysis one needs a new third condition. The correct condition

would read as follows:

• for any e, e′ ∈ E such that e ∩ e′ 6= ∅, there exists a D ∈ D such that there is

some t ∈ D where et = e and et−1 = e′, for all x ∈ At, x 6= as for s < t − 1,

at−1 ∈ At and there exists and alternative x 6= at−1 such that x = at′ in some

new observation t′ with at−1 ∈ At′ .
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Obviously, in this case the similarity between disjoint menus and menus that have

the same best alternative could not be assessed thus affecting the identification of the

boolean similarity function, but it would be of no importance for the characterization

exercise. In fact, given the automatic self replicates past choices from similar enough

environments one can impose that disjoint sets have zero similarity while the ones

sharing the same best alternative have similarity equal to 1 and the characterization

would follow through as before.
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